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The bond 'framework' is then filled in with two more 
lines. The visible ends of the bond are improved slightly 
by letting the middle three lines forming it run over 
the determined end limit by one plotter step thus pro- 
viding an approximation to a cylindrical end to the 
bond where it cuts the spherical atom 'surface'. 

The next bond is then found from the connexion 
matrix and so on. Figs. 1 to 3 show completed diagrams 
of the molecule cycloheptane (C7H14) from different 
viewpoints. 

A program has been written in the symbolic pro- 
gramming language for the IBM 1620 Model II com- 
puter with 60K store using a 1627 Model II plotter 
(which operates at up to 200 steps per second with a 
step length of 0.01"). Since there is a fair amount of 
calculation to perform per step when drawing circles 
and bonds, the plotter does not work at full speed. 
However, an average molecule of 20 or 30 atoms, 
drawn 1" to 1 A takes about eight or nine minutes to 
draw, which is still a considerable saving on a day's 
manual labour. Note that computation time is equi- 
valent to between 3 and 4 seconds on an Atlas. It is 

intended to rewrite the program for the IBM 360/44. 
Flow diagrams can be obtained from the authors at 
the St. Andrews University Computing Laboratory. 

A fairly free format can be used for the atom data 
input and up ,to 200 atoms can be accommodated in 
one molecule. Several views can be drawn successively 
without reloading the atom data and stereoscopic pairs 
can be drawn by choosing suitable viewpoints. Any 
particular bond-line can be drawn as just a single-line 
(e.g. for 'connections' between molecules) by following 
a connected atom name (on the atom data cards) by 
an asterisk. 

We are indebted to several members of staff in St. 
Andrews and Dundee Universities, who provided real 
molecules for testing the program. 
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in Neutron Diffraction Structure Determination 
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The conditions have been examined for the application of the symbolic addition procedure for the eval- 
uation of signs of structure factors from neutron diffraction data for centrosymmetric crystals con- 
taining atoms with both positive and negative scattering factors. It is shown that this procedure can be 
used directly, without first deriving the squared structure factors, when the contribution of the negative 
scatterers to the total neutron scattering is less than 25%. Several examples of the use of this method 
are given. The results show that for Eh >-- 1.5, the signs of about 95% of the reflexions are determined 
correctly. 

1. Introduction 

It is well known that direct methods of solving the 
phase problem by the symbolic addition procedure 
(Karle & Karle, 1966) cannot generally be applied to 
neutron diffraction if the crystal under examination 
contains some negative scatterers of neutrons, such as 
hydrogen atoms, together with other positive scatterers. 
This is because the basic assumption for the use of 
direct methods, that the scattering density is always a 
positive quantity, is violated. To circumvent this dif- 
ficulty, Karle (1966) proposed the squared-structure 

* On leave from Nuclear Physics Division, Bhabha Atomic 
Research Centre, Trombay, Bombay 85, India. (Now returned.) 

approach. The squared structure is defined as one hav- 
ing atoms with scattering amplitudes equal to the 
square of the normal amplitudes, but situated at the 
original positions in the unit cell. Such a hypothetical 
crystal has positive neutron scattering density every- 
where and thus the phase problems can be solved by 
the symbolic addition procedure. The formula for cal- 
culating the magnitudes of squared structure factors 
from the observed neutron intensities was also given 
by Karle (1966). The success of this approach was de- 
monstrated by Ellison & Levy (1967), who used it to 
solve the structure of glycollic acid. Hamilton (1966) 
has pointed out that this approach does not utilize all 
the information in the data and also that the method 
is really not direct since one has still to use chemical 
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knowledge in order to derive the atomic positions of 
the hydrogen atoms. 

I t  is the purpose of  this investigation to examine 
whether  the symbolic addit ion procedure could be 
directly used in cases of  crystals in which the number  
of  negatively scattering atoms is small compared with 
the number  of  positive scatterers. Under  these condi- 
tions one expects that  the effect of contributions f rom 
the negative scatterers to the structure factors will be 
small, especially for centrosymmetric crystals where 
the sign of  almost  all the structure factors may  be left 
unaltered. The results presented here show that  in centro- 
symmetric crystals,  even when the relative contribution 
of  the negative scatterers is 25 % of the whole, the signs 
can be accurately determined by the use of  the symbolic 
addit ion procedure.  

<b+> 

<b-> 

is the root-mean-square  scattering amplitude 
for the positive scatterers, 
is the root-mean-square  scattering amplitude 
for the negative scatterers, 

N 
/~n = 22 bT, 

j=l 

h represents h, k, l ,  
N 

Eh =fl~n2 Z bj exp (2zcih. rj) is the quasi-normal-  
j=l 

ized structure factor,  
N 

Vh =fl i  -n2 22 b~ exp (2zcih. rj) is the quasi-normal-  
j=l 

ized structure factor for the squared structure. 

N 
P 

O 

rj 

2. Notation 

is the number  of  a toms in the unit cell, 
is the number  of  positive scatterers in the unit 
cell, 
is the number  of  negative scatterers in the unit 
cell, 
is the posit ion vector of  the j t h  atom, 
is the scattering factor  for neutrons of  the j t h  
a tom,  

3. Relation between F_~ and Vii 

It has been shown by Karle  (1966) that  the 223 relation- 
ship, 

Vli = p2~- I /2 ( Ek Eh_k)k , (1) 

is also valid for neutron diffraction. In the X-ray case, 
it has been observed that  Eli and Vii of  large magni tude 
do not  differ much from each other (they are exactly 

Table 1. Data for crystals for which calculations were made 

Space 
Crystal Formula group P atoms Q atoms a 

Potassium hydrogen chloromaleate C C1 COOH C H COOl( Pbcn 80 16 0-06 
Uronium nitrate (NH2)2COH+NO-3 P21/c 32 20 0.14 
Salicylic acid C703H6 P2ffa 40 24 0" 17 
Biphenyl C12H10 P21/c 24 20 0.21 

Table 2. Comparison of  Eh and Vii for uronium nitrate 
All Eh's> 2.5. 

h k l Ell VII h k l Eli Via 
2 7 5 --3.62 --3.67 ~ 7 3 -2.81 -2-72 
0 8 5 --3.61 --3.59 0 6 4 --2.80 -1.91 
0 0 8 3.61 4.68 g 4 1 -2.77 --2.62 
0 8 3 3.37 3.36 7 7 1 2.74 3.01 

Ii" 6 5 3.37 3.02 9 2 1 2.73 2.69 
2 7 3 3.26 3.24 4 4 5 2.73 2.01 
0 8 1 --3.26 --3.25 0 0 4 2.73 4.15 

1-f 6 3 --3.25 -2.88 ~ 4 7 2.73 2.46 
1" 11 2 --3.11 -3.18 0 6 2 2.72 1-80 
0 0 6 --3.09 --4.35 g 4 3 2.69 2.49 
0 2 7 --3-11 -3.32 0 2 3 -2.69 --2.82 
1 11 0 --3.05 -3.13 6 3 2 2.68 2.31 
2 7 1 --3.02 -2.95 7 7 7 2.66 2.88 
6 3 4 --3.02 --2.70 7 7 1 --2.62 --2.85 
0 6 6 2.95 2.09 0 2 1 2.61 2.72 
8 4 1 --2.94 --2.84 g 2 7 2.60 2.75 
g 2 9 -2.93 -3.10 6 5 1 -2.60 --2.30 

7 7 --2.92 -2.87 7 7 5 --2.58 --2.78 
6 5 3 2.91 2.69 7 7 3 2.57 2.77 

7 1 2.88 2.78 ~ 4 9 2.53 1.48 
2 9 4 2.86 3.99 T 5 8 -2.51 -1.75 
g 4 9 -2.85 -2.55 0 0 2 -2-51 -4.04 
0 2 5 2.85 3.01 4 4 3 -2.54 -1.63 

7 5 2.83 2.74 



S. K. S I K K A  541 

the same if all atoms are alike) even when the crystal 
contains atoms of considerably different atomic num- 
bers. (1) then reduces to 

,~.,R312R--1/FI, E w \ Eh--t'2 t'3 \'-'k h--k/k" (2) 

Equation (2) is the basis for a step-wise determination 
of the phases in X-ray diffraction. For  centrosymmetric 
crystals equation (2) can be rewritten as 

sE~=s x E~E,~_,,, (3) 
k 

where s denotes the 'sign of' .  The probability that Ea 
has the same sign as on the right-hand side of (3) is 
defined as 

P+(h ) -½+½ tanh (fl3fl~ 312lEh[ X EkF_~_k) . (4) 
k 

Now if (3) is to be used for neutron diffraction, then 
Eh ~ Vh must hold. We have used probability consider- 
ations to show that this will be true for most structures. 

Cochran & Woolfson (1955) have shown that the 
average probability that Eh and Vh will be alike in sign 
is given by 

P+(eh Vh) = ½-b qg[fl3e~/(fl2fl4-- fl~)l/2] , (5) 

0.8 

0.6 

k~)O'4 

0.2 

, ,, , ,  , . " o ~ ~ ~ - ~  

o I I o o:, ,'o ,:~ 2:0 2' 3:° 3~ , o  
Eh 

Fig. 1. The probability P(EhVh) that Eh and Vh will be alike 
in sign for different values of Eh and or. 

where the function 

~o(x)=(2rc)-s/z I~ exp ( -  22-) dt.  

We will evaluate the quantities/3n in terms of 0-, the 
mean fractional contribution by the negative scatterers 
to the intensity, where 

Q N 
0-= X 67/X b~ 

j = l  / = 1  

= a ( b - ) z / ( P ( b +  ) l + O @ - ) 2 )  . 

If we further assume P = Q, then 

0-= ( b - ) 2 / ( ( b  + ) 2 +  ( b - ) 2 )  

and 

,62 ~- Q(@ + )2 + ( b -  )2)= Q ( b -  )210- , 

f13 = Q( (b + )3_  ( b - ) 3 )  = Q(b - )3[((1 - 0-)/0-)3/2_ 1], 

f14 ~ a ( ( b  + )4 + ( b - ) 5  = Q (b-)4[((1  -0-)/0-)2 + 1]. 

Substituting in (5) and simplifying, we get 

P+(EhV~)=½+q~ [ (0- (1-0-)3/2-0-3/z Eh] 
_0--2-+ 20-3/2(1 __0-)3/2)1/2 , (6) 

Fig. 1 is a plot of P+(Eh Vh) VS. Eh for a ranging from 
0.05 to 0.30. It is clear from the Figure that  for 0- up 
to 0.25, the probability is quite high that  Eh--> 1"5 will 
have the same sign as Vh. 

We have also tested this on some actual crystal 
structures, potassium hydrogen chloromaleate (Ellison 
& Levy, 1965), uronium nitrate (Worsham & Levy, 
1967), salicylic acid (Jude, 1968) and biphenyl (Mac- 
donald, 1969). The values of 0- and other data for these 
structures are given in Table 1. The values of Eh and 
V h were computed from the published atomic param- 
eters and some of these values for uronium nitrate and 
biphenyl are compared in Tables 2 and 3. 

It can be concluded from this comparison that not  
only do Eh and Vh agree with each other in sign but 
also that  large Eh are associated with large Vh. The 
results for potassium hydrogen chloromaleate and sali- 

h k l 
6 2 2 
6 3 1 
~ 3 5 
~ 2 6 
5 1 4 
5 3 3 
~ 1 4 
0 5 1 
7 2 0  
0 1 1 
I 2 3 
4 0 6 
i 5 1 
~ 3 5 
4 1 1 

Table 3. Comparison of Eh and Vh for biphenyl 
All Eh'S> 1.5. 

Eh Vh h k l  Eh 
--3"43 --3"01 8 0 2 --2"02 
--3"14 --3"39 I 0 2 2"01 

2"89 3"04 3 0 8 --2"00 
2"56 2"47 0 6 0 1"94 
2"42 2"05 2 3 5 --1"93 

--2"39 --2"63 T 4 3 -1"91 
2"33 1"63 5 2 4 -1"88 
2"31 2"25 T 1 1 1"87 

-2"26 -2"74 1~ 0 2 -1"79 
2"21 1"98 ~ 3 3 1"58 
2"18 1"68 2 2 3 1"57 

-2"12 -2"03 3 1 3 -1"51 
2"10 2"25 ]" 3 3 1"51 
2"05 2"03 2 3 1 1"50 

-2"05 -1"10 

Vh 
- -  1 "30 

2"08 
-2"32 

2-66 
--0"81 
- -  1 " 6 6  

--2"49 
1 "69 

- 1 " 6 8  

0"78 
1-15 

- -  1 " 0 5  

0"94 
2-41 
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cylic acid were similar. In fact, for all these four 
structures, no EL>_ 1-5 differed in sign from Vh. Karle 
(1966) found that some large Vh have small EL values. 
This was also true in these structures but the reverse, 
that large EL have large Vh values, was true in almost 
all cases, which is the only necessary condition for the 
application of the symbolic addition procedure. 

4. Examples of application 

In order to assess the applicability of the symbolic 
addition procedure, the calculations were done for all 
the structures listed in Table 1. The procedures for 
carrying out the sign determinations with equation (3) 
has been given by Karle & Karle (1966). The first step 
in this procedure was the computation of normalized 
structure factors from the observed Fh values, using 
the expression: 

IEhl = IFhle-lfl~ -1:2 exp (B s in  2 0/~.2) , 

where e is a factor which corrects for space group ab- 
sences and B is the overall temperature factor. Sin 0/2 
values were calculated from cell constants and the 
value of B for each crystal was estimated from the re- 
ported temperature factors. For uronium nitrate, be- 
cause observed IFul were not available, the calculated 
values of E h were used. 

The next step was the generation of the ' Z'2' listings 
for large EL values. Both the computation of EL and 
the production of these 'X2'  listing were done by a 
computer program written by the author. 

In order to facilitate the comparison of signs deter- 
mined by this procedure and from the final structures, 
the signs of reflexions used for defining the origin were 
chosen to be the same as those given by the final struc- 
tures. However, these chosen reflexions satisfied the 
criteria given by Hauptman & Karle (1953). These, 
along with other reflexions which were assigned sym- 
bols in the beginning, are given in Table 4. 

Table 4. Reflexions chosen for initiating 
the sign determination 

Potassium 
hydrogen Uronium Salicylic 

chloromaleate nitrate acid Biphenyl 
1333 + 273 + ~14+ 235 + 
972+ 085- 723 + ~26+ 

1231 -- 771 + 513+ 533- 
885a 634a 215a 011a 

1310b 294b ff61b T43b 
1--165c ~93c 

After making the initial symbol assignments, all 
sign determinations using equation (3) were carried out 
'by hand'. For all the structures, the signs were deter- 
mined only for those reflexions with Eh> 1-5. A sign 
indication was accepted only if the probability calcu- 
lated by equation (4) was > 0.97 for a single combina- 
tion of k and h - k .  For E h "  1"5 when P was below 
0.97, the sign symbols were accepted only if defined 
by at least two combinations of k and h - k .  The main 
features of these calculations and an analysis of the 
agreement between the signs obtained directly and from 
the refined structures are given in Table 5. 

5. Discussion 

The results given in Table 5, show that when the nega- 
tive atom contribution to the scattering is below 25%, 
the symbolic addition procedure can be successfully 
applied in neutron diffraction structural analysis for 
centrosymmetric crystals in a fairly straightforward 
manner. Now, in most of the crystals, especially in 
organic molecules, the negatively scattering atom is the 
hydrogen atom (b = -0 .38  x 10 -12 cm) and when C, N, 
O and H atoms are present in the crystal, from scat- 
tering length considerations, it may be represented as 
a CnHn molecule. For such a hypothetical molecule, 
the contribution of the hydrogen atom to the total 
scattering will be (0.38)2/(0-66) 2 + (0.38) 2, or 25% 
(Hamilton & Ibers, 1968). This means that the symbolic 
addition procedure will be applicable in most practical 
cases. 

It may also be pointed out that when a is > 0.20, 
the inequality Fnkz < F000 does not hold. One example 
of this is biphenyl (see Table 1). But even for this struc- 
ture the signs are determined correctly, although the 
number of reflexions is not sufficient to define the 
structure. 

Another thing which may be noted is that as tr in- 
creases, the probability given by equation (4) goes 
down. This is because the term f13 contains a negative 
contribution from the negative scatterers. This is not 
serious, however; one can always start with high prob- 
ability limits and once the signs of a sufficient number 
of reflexions have been established in terms of symbols, 
the alternative criterion of accepting the same symbol 
when defined by at least two combinations of k and 
h - k ,  can be used. The problem is now being in- 
vestigated for the case of non centrosymmetric 
crystals. 

Table 5. Analysis of the agreement between the signs obtained from the symbolic 
addition procedure and the refined structures 

Relationship Number of Number of 
between independent signs 

Structure symbols symbols determined 
Potassium hydrogen chloromaleate a= b = - 1  none 96 
Uronium nitrate b = c = + 1 l(a) 226 
Salicylic acid b = c = + 1 l(a) 126 
Biphenyl a = - 1 1 (b) 25 

Number of 
correctly 

determined signs 
94 (98%) 

216 (95%) 
120 (95 %) 
25 (100%) 
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The Fourier transform of a symmetric atom group that is sampled asymmetrically by the reciprocal 
lattice may be deduced by inspection of the weighted reciprocal lattice. The symmetry of the atom 
group impresses a pseudo-symmetry on the weighted reciprocal lattice. Superposition of the pseudo- 
symmetric parts of the lattice gives an increased sampling of the whole Fourier transform, permits 
recognition of maxima and nodes, and hence provides phase information. 

Introduction 

The observed intensities of the X-ray diffraction max- 
ima produced by a single crystal may be regarded as 
point samples of the continuous Fourier transform of 
the unit-cell contents (Taylor & Lipson, 1958). From 
some crystals, the sample interval provided by the 
reciprocal lattice is small enough to allow the whole 
transform to be deduced, as is essentially done in the 
'heavy atom' method. Sample frequency may be in- 
creased by expansion of the unit cell, as in the case 
of horse haemoglobin (Boyes-Watson, Davidson & 
Perutz, 1947). In general, however, the sampling of the 
transform provided by the reciprocal lattice is too 
sparse to determine detail in the transform by exam- 
ining the observed intensities. 

cell has only centrosymmetry. The weighted reciprocal 
lattice [Fig. l(c)] has approximate mirror symmetry 
along the [45]* direction (shown in the Figure as a 
broken line). Such an approximate mirror will be 
called a pseudo-mirror. Comparison of Fig. l(b) and 
(c) shows that on either side of the pseudo-mirror, 
reciprocal-lattice points give samples of different parts 
of a symmetric transform. The sample frequency pro- 
vided by the reciprocal lattice can therefore be almost 
doubled by superimposing on the lattice its mirror 
image [Fig. l(d)]. The same result is obtained if the 
pseudo-mirror along the [54]* direction is used. There 
is sufficient detail provided by Fig. l(d) to derive the 
full Fourier transform, and in particular the sign of 
the transform at the reciprocal lattice points, if it is 
assumed that there is a sign change across nodes. 

Presence of pseudo-symmetry 

A symmetric molecule or atom group has a symmetric 
Fourier transform. If the repeated atom groups com- 
prising the crystal are not related by symmetry, the 
crystal itself will lack symmetry, and the reciprocal 
lattice will sample the transform asymmetrically. 

Fig. l(a) shows a hypothetical centro- and mirror- 
symmetric group of atoms, so arranged that the unit 

Examples 
(1) CrBr2 

The structure of CrBr2 has been described by Tracy, 
Gregory & Lingafelter (1962), who have listed struc- 
ture factors for the hOl reciprocal lattice plane. The 
weighted hOl reciprocal lattice in Fig.2(a) shows 
pseudo-mirror symmetry about the [103]* direction. 
Superposition of the reciprocal lattice on its mirror 
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